The signaling between two observers in 3+1 dimensional flat spacetime coupled locally to a nonlocal field is considered. We show that in the case where two observers are purely timelike relatedso that an exchange of on-shell massless quanta cannot occur -signaling is still possible because of a violation of Huygens' principle. In particular, we show that the signaling is exponentially suppressed by the non-locality scale. Furthermore, we consider the case in which the two observers are light-like related and show that the non-local modification to the local result is polynomially suppressed in the non-locality scale. This may have implications for phenomenological tests of non-local theories.
I. INTRODUCTION
Assuming standard local dynamics, the geometry of spacetime fully determines how free particles propagate. In particular, the strong Huygens' principle (SHP) states that for flat spacetimes of even dimensions, d > 2, the Green function of a free massless theory only has support on the lightcone, that is, information propagates only along null geodesics. In the presence of curvature however (or for flat spacetimes in an odd number of spacetime dimensions) the SHP for massless particles ceases to hold in general [1] [2] [3] [4] , so that information can in principle be transmitted inside the light cone, similarly to what happens with free massive particles in d = 4. Violation of the SHP implies that two observers, Alice (the sender) and Bob (the receiver), both locally coupled to a massless quantum field, are able to communicate information via the field without necessarily having Alice send real, on-shell quanta to Bob [5] . In fact, it was further shown in [5] that this timelike information can be accessed by Bob only if he is willing to pay for it (by spending energy), and that no energy is directly transmitted from Alice to Bob, as would be expected given that no onshell quanta was exchanged. For this reason this process was dubbed "quantum collect calling".
Nonlocal field theories provide another example of theories for which the SHP ceases to hold even in d = 4 flat spacetime. In particular, we have in mind a class of free, massless, nonlocal scalar field theories whose dynamics are defined by f ( )φ = 0, where f is a non-analytic function with a branch cut for timelike momenta p 2 ≤ 0, and which exhibit generic violations of the SHP [6] . Theories of this kind arise naturally in the context of causal set theory [7] -an approach to quantum gravity where spacetime is taken to be fundamentally discrete -where the interplay between discreteness and Lorentz invariance inevitably leads to a nonlocality of the type f ( ) [6, [8] [9] [10] [11] [12] [13] .
In this work we investigate the signaling between two observers, Alice (the sender) and Bob (the receiver), liv-ing in a flat 4-dimensional spacetime, locally coupled to a non-local, massless scalar field via two-level Unruh-DeWitt particle detectors. Since the nonlocal field violates the SHP one might expect a non-vanishing signaling contribution between the two observers even when they are purely timelike separated, something that would be impossible (in the absence of reflecting mirrors) if the field satisfied the usual local dynamics. Furthermore, one might also expect a modification to the signaling when the observers are in light-like contact, since the response of a single Unruh-DeWitt detector alone is already modified by the non-locality significantly [14] . As we will show, in the timelike case the signaling is exponentially suppressed in the non-locality scale, whereas a polynomial suppression is present in the case of light-like contact between the detectors. While the latter case opens an interesting window for constraining the non-locality scale, the former indicates that Huygens violations are sensitive to the UV structure of the theory.
The paper is organized as follows. In section II we review how signaling between two observers is computed in perturbation theory. In section III, we introduce the non-local field theory under investigation and, in particular, its Pauli-Jordan function (expectation of the field commutator), which is the central object of this work. In section IV we compute the non-local contribution to the signaling between Alice and Bob in the cases where they are timelike related and lightlike related. In section V we discuss the findings of our work and in section VI we conclude with a summary and outlook.
II. SETUP
We will consider a setup consisting of two partners. A sender (Alice) and a receiver (Bob) operating quantum antennas modeled as Unruh-DeWitt particle detectors [15] . As well as being very simple, these particle detector models also have the advantage of capturing the fundamental features of light-matter interaction in scenarios where the exchange of angular momentum does not play arXiv:1707.01654v1 [quant-ph] 6 Jul 2017 a prominent role [16] [17] [18] .
This signalling setup has been studied in previous works regarding the exchange of information in local quantum field theory [5, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] .
The Unruh-DeWitt interaction Hamiltonian coupling an inertial particle detector to a scalar field is given by
where ν ∈ {A,B} is a label indicating Alice's and Bob's detectors, λ ν are coupling constants, χ ν (t) are the switching functions controlling the coupling-decoupling speed and the duration of the detector-field interaction, m ν (t) = (σ + ν e iΩν t + σ − ν e −iΩν t ) are the detector's monopole moment (Ω ν is the energy gap between detector ν's two energy levels), and φ[x ν (t), t] is the field evaluated along the detector's trajectories. In the following we set c = 1.
We are going to consider the same signalling setup as in [5, 23, 26, 30] . Let each detector start out in the pure state ρ 0,ν = |ψ 0,ν ψ 0,ν |, where |ψ 0,ν = α ν |e ν + β ν |g ν with |g(e) ν the ground state and excited state of detector ν respectively, and let the field start out in an arbitrary state ρ 0,φ . Hence, the initial state of the system is
(2)
Allowing the system to evolve under the full interaction
and T denotes time-ordering of the exponential. The final state of Bob's detector is obtained by tracing out the field and the state of Alice from ρ T :
Consider the situation in which Alice -the senderturns on her detector for a time T and, subsequently, Bob -the receiver -turns on his own detector 1 . The probability that Bob (who is in the causal future of Alice) finds his detector in the excited state after a time T * > T from when he turns it on can be written as
The first term in (5) stands for the probability of the initial state to be excited, R(T * ) is noise due to the coupling of Bob's detector to the field for a finite time, and the last term is the signaling term that depends on Alice being coupled to the field in the past.
1 Here we will consider the case in which Alice and Bob are at rest relative to each other.
At leading order in perturbation theory the signaling term can be written as S = λ a λ b S 2 + O(λ 4 ν ) where S 2 is given by (see [5] )
the χs are the detectors' switching functions 2 and the integration is over the times t 1(2) of Alice and Bob respectively. The last expression contains the Pauli-Jordan function of the field theory. This guarantees that, if Huygens' principle holds, the signaling between timelike related detectors vanishes. Moreover, in a causal theory 3 , the signaling between spacelike observers also vanishes as well so that no faster-than-light signaling is allowed.
The signalling term allows for communication of Alice with Bob, even if they are timelike separated, as long as the commutator between the spacetime regions where Alice and Bob exist is non-vanishing. Lower bounds to the channel capacity (in bits per use of the channel) have been studied by setting up a concrete communication protocol in several scenarios in flat [5, 31] and curved spacetimes [23, 26, 30] . Notice that protocols that optimize the choice of the initial state of Alice's detector and the measured observable on Bob's detector have also been considered in previous literature [28] .
In 4D flat spacetime it is not possible to communicate through a local massless scalar field, when the parties are purely timelike related, since the commutator is nonzero only between light-connected events. However nonlocalities in the theory will induce modifications of the field commutator that will manifest in two ways: they will enable some form of timelike communication and they will modify the channel capacity through lightlike communication.
III. NON-LOCAL FIELD THEORY: PAULI-JORDAN FUNCTION
We are interested in a massless scalar field with dynamics given by a real, retarded, Poincaré invariant operator, := f ( ). It can be shown [32] that operators of this kind have Fourier transforms which depend both on k 2as one would expect from a Lorentz invariant operatorand sgn(k 0 ); the latter property being a consequence of the retarded nature of these operators. That is
The dependence on sgn(k 0 ) implies that the function B possesses a branch cut along k 2 ≤ 0 that is associated to a continuum of massive modes. It is possible to construct quantum field theories based on these operators. In particular, it can be shown that the Wightman two-point function of these theories is given by
with
W can be rewritten as W (k 2 ) = 2π ρ(−k 2 ) where ρ can be further split into a divergent part and a finite part:
With this is mind one can see that D (+) can actually be written as a sum of two parts: one being the standard Wightman function for a local massless scalar field, D (+) 0 , and the other an integral over the Wightman function of a local massive field, G (+) µ , weighted by the finite part of the discontinuity function, ρ(µ 2 ), i.e.
For every choice of there corresponds a specific ρ. In this paper we are interested in a discontinuity function of the form
where α is an order one numerical coefficient [33] . This choice of ρ is a simple function which captures all the fundamental features of more complex spectral densities in previous literature (see [6, 34] and references therein).
A. Pauli-Jordan
Generalizing the previous discussion on the Wightman function to the Pauli-Jordan function it should be clear that the latter will also decompose into a sum of a local massless Pauli-Jordan function and the integral over all masses of massive Pauli-Jordan functions weighted by the spectral density, i.e.
where [φ(x), φ(y)] µ represents the Pauli-Jordan for a field of mass µ and is given by [35] 
with σ = −∆t 2 + ∆x 2 and J 1 is a Bessel function of the first kind. Thus, we can rewrite the commutator of the non-local field as
where the 1/α in the second term is given by the integral over all µ of (11) . From now on we will set α = 1 for convenience of notation. For σ < 0, the last term on the RHS of (14) is given by
so that the commutator takes the following form
B. Distributional local limit
At first sight the above expression may seem puzzling because the local result appears to have been modified by an -independent term (having chosen α = 1, a factor of two appears in front of the local result). However, this is just an artefact. Indeed, the quantity
converges, in a weak sense, to −δ(σ)/2π for vanishing . This can be checked explicitly by integrating the above expression against test functions and then taking the local limit -we will see this in the next sections. Thus, in the local limit the Pauli-Jordan function converges weakly to the local result -the second term in (14) being cancelled by the weak limit of the last one.
IV. NON-LOCAL SIGNALING CONTRIBUTION
Given the splitting of the Pauli-Jordan function we can write S 2 in (6) as
where S non−local
2 and the second term is the one that is dependent on the non-locality scale . The local limit is recovered since S ( ) 2 converges to −S local 2 in the → 0 limit.
Without loss of generality we will assume that α X and β X are real for X = A, B, and also that Ω a = Ω b = Ω. The dependent term in (18) then becomes
× cos(Ωt 1 ) cos(Ωt 2 ) 1 8π 2 e −∆t 2 +R 2 4 2 Θ(−σ).
We consider different configurations of the two detectors for various switching functions.
A. Bob in the lightband of Alice: polynomial suppression
We start by investigating the case in which Bob is inside the lightband of Alice, see Fig.1 . In this case the two observers are in lightlike contact and can exchange real quanta of a massless field. Signaling in this configuration is therefore allowed both in the local and non-local theory, and we are interested in how the non-locality modifies the non-vanishing S 2 computed from a local theory.
As our calculations will show, the nonlocal correction to the signaling between Alice and Bob in this case is polynomially suppressed in the nonlocality scale. Furthermore, we will argue that the polynomial suppression does not depend on the UV details of the discontinuity function.
Case 1: delta-switching
Consider the case in which Alice's detector is suddenly switched on at 0 and then suddenly back off at T (note that while this would introduce divergences in the detector's response in 3+1D that would have to be regularized, as discussed in [5, 23] , the signalling term is devoid of any UV divergences), whereas Bob's detector is on only at t = τ , with τ > T . We also assume that R < τ < R + T , where R is the constant spatial distance between the two observers. This is tantamount to assuming Bob is inside Alice's light band (see the left panel in Fig.1 ). In this case
The integral above can be computed analytically and the result is given by
× erf
where erf and erfc are the error function and complementary error function respectively. Note here that κ has dimensions of length (needed to dimensionally balance Bob's delta-function switching) and characterizes how much of an energy perturbation we introduce with the "kick". Consistently with our previous discussion, the local limit of the above expression -obtained by taking the limit for vanishing -coincides with minus S local 2 , i.e. the signaling in the local case which is given by
× cos(Ωt 1 ) cos(
where τ > t 1 by assumption. The fact that S ( ) 2 weakly converges to −S local 2 for vanishing -and thus Eq. (18) gives back the local result -is consistent with the nonlocal theory reducing, in the same limit, to the local one.
In order to determine the leading order correction to the local result when the non-locality scale is small compared to every other scale in the problem, we need to expand the whole non-local contribution to the signaling: (18)). The leading order correction is given by This expression shows that the non-local contribution to the signaling is polynomial in the non-locality scale, a fact that resembles the polynomial modification of the response of a single Unruh-DeWitt detector coupled to a non-local field [14] .
Case 2: Bob extended interaction
We now consider the case in which Bob's switching profile is the same as Alice's, that is, sudden switching on and off for a finite amount of time, so that Bob interacts with the field for a finite period of time (see right panel in Fig.1 ). We will show that the polynomial suppression of the non-local signaling contribution persists in this case, as one might have expected.
The non-local signaling contribution with these switching functions is given by Using the following change of variables
we can rewrite S ( ) 2 as
Note that we have not yet assumed that Bob is inside Alice's lightband. If the two observers are purely timelike related then t 2 > R+T and (t 2 −T ) 2 −R 2 > 0, ∀t 2 ∈ [a, b], while whenever t 2 ≤ R + T the two detectors will be lightlike related. In the latter case the dependence on T drops out of the signaling because we are only requiring that Bob be inside the lightband of Alice, i.e. b < T + R, so that no information on the position of the inner boundary of Alice's lightband is needed, since the signal to Bob comes from Alice's detector from t = 0 to t = b − R.
Since here we are interested in the case in which Bob is inside the lightband of Alice, the expression for S
where we have introduced dimensionless variables -denoted by tildes 4 -defined in units of Ω,ã ≥ R and a <b ≤ R + T . This integral can be computed analytically and the result is given in appendix A. As before, the local limit of S 
Finally, in this case it can be also verified (by numerical means) that the polynomial nature of the correction to the local result is independent of the specific UV details 
B. Bob timelike to Alice: violations of the SHP
In the previous section we investigated the case in which Alice and Bob are allowed to communicate both in the non-local and local theory. In this section we consider the case in which Bob is purely timelike related to Alice, see Fig.3 . In a local massless theory (and in the absence of any mirrors) Bob would not be able to receive any information from Alice in this configuration, since no real quanta can be exchanged by the two. In the context of a non-local massless theory however, where the SHP fails to hold, one faces the possibility of establishing a communication channel between the two observers, even when they are timelike related. From a phenomenological point of view this situation is particularly interesting since it allows for a binary test to asses the presence non-local effects. However, for this to be of any practi-cal interest, we first need to determine how the signaling between Bob and Alice is suppressed by the non-locality scale.
Consider the simple case where Alice's detector is switched on for a finite amount of time, from 0 to T , abruptly, while Bob's detector is on only for an instant of time at τ > R + T , see Fig.3 . In this case S is given by
The integral can be computed and gives
The local limit → 0 can be shown to vanish consistently with the local result of no-signaling. Note that in the limit where Bob approaches the future boundary of Alice's lightband, i.e., τ → T + R, equation (32) becomes of order l 2 , implying that the polynomial correction to the local result arises from contributions coming from a future-timelike neighbourhood of Alice's future lightband boundary 5 (in the case where Alice has a delta switching the future lightband boundary reduces to Alice's future lightcone).
Finally, expanding the result for small shows that in general the suppression of the signaling is exponential in the non-locality scale. Similar results hold if Bob interacts with the field for a finite amount of time. So even if in principle we have a binary test for such nonlocal phenomena, the fact that the effect is exponentially small makes it of no practical use, unless some amplification effects can be introduced. Note also that, contrary to the lightlike case, in this setup the signaling is no longer determined by the IR behaviour of the theory alone (provided the distance from the future boundary of the sender's lightcone is greater than the non-locality scale), since the explicit form of the suppression depends on the full ρ.
V. DISCUSSION
We have shown that when Alice and Bob are lightlike related (meaning that they have the possibility of exchanging real quanta of a massless field) the prediction for the signaling coming from a non-local theory differs from the local one by a correction suppressed only polynomially in the non-locality scale. When Alice and Bob are timelike related, which precludes signaling in a massless, local theory, the correction due to non-locality is exponentially suppressed in , unless Bob is in a neighbourhood of Alice's light of cone of size smaller than O( 2 ).
Given the leading order correction to the signaling when Alice and Bob are lightike related and both interact with the field for a finite amount of time, we can compute the ratio R = S 2 − S local 2 /S local 2 . From eq. (18) we know that the ratio is given by
which vanishes in the limit of vanishing . The leading order contribution to the above expression is suppressed by 2 . It is interesting to note that the oscillating character of the local result (see Appendix A), together with the fact that the local result and the non-local correction (eq. (30)) have different zeros in general, allows for an amplification of the non-local signal. Of course, such an amplification requires a fine tuning of the parameters of the system. Another interesting case is the one of degenerate detectors, i.e, vanishing Ω. In this case we get from eq.(30) a particularly simple expression for R,
In both cases the suppression in the non-locality scale shows that in order to cast stringent constraints on the non-locality scale using signaling between light-like related observers a large sample of events is necessary. This is similar to what happens in the case where the response of a single Unruh-DeWitt detector is used to cast constraints on the non-locality scale, see [14] . As already discussed in previous sections, this polynomial suppression follows from the IR properties of the spectral function of the non-local theory, i.e. that ρ ≈ 2 for µ 2 → 0, and is independent of the UV details of ρ. To further validate this fact we have numerically computed the signalling for the case in which both Bob and Alice are interacting with the field for a finite amount of time when ρ is set to 2 . This again gives the expected polynomial suppression in .
Regarding the case of time-like related observers, we have shown that the signaling is exponentially suppressed in the non-locality scale -as far as Bob is bounded away from a neighborhood of Alice's light-cone. Let us stress once again that, the form of the suppression depends on the specific spectral function chosen and cannot be derived just by looking at the IR behaviour of the spec-tral function. In order to retrieve a polynomial suppression consistent with just the IR property of the spectral function, Bob's detector has to be placed (impractically) close to Alice's lightcone: closer than the non-locality scale we would like to probe. This fact, in conjunction with the observation made at the end of section IV A 2, that the polynomial correction is only sensitive to the IR behaviour of ρ, strongly suggests that the polynomial correction is not sensitive to the UV also in this scenario. Indeed, since the signal that arises in the case where Bob and Alice are exactly lightlike related does not depend on the nonlocality scale, it is hard to imagine where else the correction may come from if not from a neighbourhood of Alice's lightcone. Ideally one would want to check this explicitly by repeating the calculation of section IV B with ρ = l 2 . Unfortunately we have been unable to perform this computation as of yet, meaning that a definitive claim on this matter is still out of reach.
Finally note that the exponential suppression of S 2 , when the detectors are timelike related, is not a universal feature but a consequence of the particular form of the spectral function Eq. (11). 6 Nevertheless, this dependence is interesting since it entails a dependence of Huygens' principle violations on the UV structure of the non-local theory and promotes them to potential probes of it.
VI. CONCLUSIONS AND OUTLOOK
In this work we have investigated how the signaling between two observers locally coupled to a scalar field is modified by a non-local dynamics for the field. Considering the local interaction of two Unruh-DeWitt detectors with a non-local scalar field, we have shown that whenever communication is allowed in the local theory, the non-locality introduces modifications that are polynomially suppressed by the non-locality scale. Furthermore, in the case where the two observers are timelike relatedwhich does not allow for communication in the local theory -the signaling is non-vanishing for a non-local field theory, in accordance with the observation that there are SHP violations.
We have explicitly shown that the signaling is exponentially suppressed in the non-locality scale making this effect phenomenologically irrelevant, unless amplification processes are introduced. However, the exponential suppression shows that SHP violations are sensitive to the UV structure of the theory. If this was not the case, we should have obtained a polynomial suppression dictated by the IR behavior. Accordingly, the specific form of the suppression is related to the functional form of the spectral function used.
The findings of this work lay down the basis for future phenomenological studies of non-locality exploiting Huygens' principle violations as well as other vacuum effects. The non-local corrections to S 2 , eqs.(23), (30) , imply a polynomial in correction to the capacity of the quantum communication channel between Alice and Bobdefined in terms of bits per use of the channel in [5] . This opens up the possibility to envisage efficient communication protocols that, together with a high statistic of events, could allow for stringent constraints on the non-locality scale.
It should be noted that, an analogous polynomial suppression of the response of a single Unruh-DeWitt detector was used in [14] to argue for the possibility to cast constraints on the non-locality scale outperforming highenergy experiments. In [14] , the effect of non-locality was shown to be more relevant in the case of spontaneous emission, with respect to excitation due to vacuum fluctuations of the field.
Following the same logic, it would be interesting to consider which initial state of Alice and Bob's detectors maximize the signature of non-locality in a more realistic communication protocol. A simple optimization on initial states is not expected to bring about a different power dependence on the non-locality scale (as one can anticipate from the results in [28] ), but a more involved communication protocol may provide an opportunity to accumulate signal and, similar to [14] , compensate for the small value of the non-locality scale.
Furthermore, the observation that the polynomial suppression is due to modes of the field localized in a neighborhood of the sender's light-cone gives an indication on to where to look for significant deformations of other effects involving two detectors' interaction with the field's vacuum -in particular, entanglement harvesting [18, 36, 37] .
Finally, in order to arrive at a watertight phenomenological study of non-locality with Unruh-DeWitt detectors, a crucial step is the extension of the model to an Abelian U (1) gauge theory. This extension could be from first principles, like it was done for the scalar field in causal set quantum gravity [32] , or -more conservatively -motivated by the requirement to maintain the same analytic structure for propagators while imposing gauge invariance on the theory. This would result in a non-local electrodynamics and in new effects related to the vectorial nature of non-local fields in such a model.
We leave the exploration of this avenue for future works. 
When specializing to the case a = R, b = R + T , it is possible to take the limit lim →0 + S local
which, in turn, gives the leading correction in eq.(30).
